L. Carlitz proved that any permutation polynomial f over a finite field F q is a composition of linear polynomials and inversions. Accordingly, the minimum number of inversions needed to obtain f is defined to be the Carlitz rank of f by Aksoy et al. The relation of the Carlitz rank of f to other invariants of the polynomial is of interest. Here we give a new lower bound for the Carlitz rank of f in terms of the number of nonzero coefficients of f which holds over any finite field. We also show that this complexity measure can be used to study classes of permutations with uniformly distributed orbits, which, for simplicity, we consider only over prime fields. This new approach enables us to analyze the properties of sequences generated by a large class of permutations of F p , with the advantage that our bounds for the discrepancy and linear complexity depend on the Carlitz rank, not on the degree. Hence, the problem of the degree growth under iterations, which is the main drawback in all previous approaches, can be avoided.
Introduction and Preliminaries

1
Let F q be the finite field with q = p s elements for a prime p and s ≥ 1.
Lemma 1. For q > 2, all permutation polynomials over F q can be generated by the following two classes of permutation polynomials, aX + b, a, b ∈ F q , a = 0, and X q−2 .
Thus, by Lemma 1, every permutation polynomial of F q can be represented by
where a 1 , a k+1 ∈ F q , a i ∈ F * q , i = 0, 2, . . . , k. See [7] for more details. We 10 denote by deg f the degree of a permutation f seen as a polynomial over F q .
11
The authors of [1] define the Carlitz rank of a permutation polynomial 12 f over F q to be the smallest positive integer k satisfying f = P k for a per-13 mutation P k of the above form, and denote it by Crk(f ). In other words,
14
Crk(f ) = k if f is a composition of at least k inversions X q−2 and k (or 15 k + 1) linear polynomials.
16
Various problems concerning this complexity measure are tackled in [1, 7, 17 8]. For instance, the cycle structure of polynomials of a given Carlitz rank,
18
the enumeration of polynomials with small Carlitz rank and of particular 19 cycle structure, or of permutations of a fixed Carlitz rank are studied.
20
The relation between invariants of a polynomial f and Crk(f ) are of 21 interest. A lower bound for Crk(f ) in terms of the degree of f , deg f , can 22 be found in [1] , which shows that polynomials of small degree have large 23 Carlitz rank. Here we give a similar bound in terms of the weight of f , i.e.,
24
the number of nonzero coefficients, which we denote by ω(f ). Our bound is 25 better than the one concerning deg f , when deg f ≥ q − q/(ω(f ) + 2).
26
The classification of permutations with respect to their Carlitz ranks has 27 already found applications, see [8] for instance. A potential utilization in 28 symmetric cryptography is mentioned in Section 2.
29
In this work we shall focus on another application, namely on studying 30 the distribution of elements in orbits of permutation polynomials, and in 31 particular on the analysis of pseudorandom sequences. Let f be a permuta-32 tion of F p , and consider the sequence {u n } n≥0 generated by the recurrence
where u 0 ∈ F p is a random value, called the seed. Equivalently, one can define {u n } by u n+l = f (l) (u n ), where
In give a stronger bound for the discrepancy than the one obtained by gluing 77 trajectories of inversive generators together.
78
We remark that our study of sequences generated by permutations of a
79
given Carlitz rank yields a large class of permutations with uniformly dis-
80
tributed orbits, which are described in a natural way. Hence, most of this 81 work is of independent interest also, regardless of its applications concerning 82 pseudorandom sequences.
83
The following lemma is the main tool of our approach and results.
84
Lemma 2. Let f be a permutation of F q , represented as
where 86 α n = a n α n−1 + α n−2 and β n = a n β n−1 + β n−2 ,
for n ≥ 2 and α 0 = 0, α 1 = a 0 , β 0 = 1, β 1 = a 1 .
87
Then f (u) = R k (u) for all u ∈ K, where K is a subset of F q of cardinality at least q − k.
89
The proof of Lemma 2 can be found in [7] .
90
Remark 1. For any representation P k of a permutation f , the elements 91 α n , α n+1 , β n , β n+1 in the above lemma satisfy α n+1 β n − α n β n+1 = 0. The
called the string of poles. With this notation,
is linear when the pole X k is at infinity or α k = 0. to [7, 27] .
98
The rest of the paper is structured as follows. Section 2 gives a new bound 
Carlitz rank and weight of a polynomial
106
In this section we give a lower bound for the Carlitz rank of a permutation 107 polynomial f , which depends on ω(f ), the number of its nonzero coefficients.
108
Before presenting our bound, we start by stating a result relating ω(f ) to the 109 number of zeros of f . This lemma and its proof can be found in [26, Lemma
be a nonzero polynomial of degree at most q − 2 with N zeros in F * q . Then, we have
We recall that if f is a permutation polynomial, then deg f ≤ q −2, see [2,
Proof. Put Crk(f ) = k. By Lemma 2 there exists a non-constant rational
subset of F q of cardinality at least q − k.
116
We first assume that R k (X) is not a linear polynomial, hence there exist
We divide the proof of this case into two parts depending on b 4 being zero or not. If b 4 = 0, for αu ∈ K, b 3 αu + b 4 = 0, we have
where for the rest of the proof we put ω = ω(f ). We can now select ω + 1 different values α 1 , . . . , α ω+1 ∈ F q such that
. . , ω + 1. Since these ω + 1 vectors are in F ω q , they are linearly dependent, hence there are c 1 , . . . , c ω+1 in F q , not all zero, satisfying
Equivalently, the polynomial
has at least q − k(ω + 1) zeros. On the other hand, if w. l. o. g.
hence F is not the zero polynomial. Note that we can suppose that α 1 c 1 = 0
117
because the values α 1 , . . . , α ω+1 are distinct and at least two of c 1 , . . . , c ω+1 118 must be nonzero.
119
Summing up, we get
which implies the desired result.
120
If b 4 = 0, we have
Note that the number of nonzero coefficients of f (X)
most ω + 2, it is not the zero polynomial and the number of elements in K 122 is at least q − k. Now, we study two different cases:
123
• If 0 ∈ K, then using Lemma 3, we get the result.
124
• The case f (u) = au + b, u ∈ K, follows by the same argument. 
131
Our result is particularly interesting for permutations f such that Crk(f ) = k 132 is small and the corresponding R k is linear. Such polynomials are linear except for very few elements in F q , but have many nonzero coefficients.
134
We remark that the bound is tight for permutations of the form P 1 (X) =
135
(a 0 X + a 1 ) q−2 − a q−2 1 ,with a 0 , a 1 ∈ F * q . Then we obtain Crk(P 1 ) = 1 > 0.
136
We also note that a lower bound for the Carlitz rank in terms of the 
Before presenting the main results of this section, we introduce some notation 153 and terminology. We will extensively use the symbols A = O(B) and A B,
154
which are equivalent to |A| ≤ c|B| for some positive constant c. Unless it is 155 explicitly specified, this constant is absolute. Typically, the bounds for the discrepancy of sequences are derived from bounds of exponential sums. The relation is made explicit in the celebrated Koksma-Szüsz inequality, see [20, Corollary 3.11], which we present in the following form. Before stating the lemma, we introduce the following notation, e(z) = exp(2πiz/p).
Lemma 5. Suppose that the sequence (5) consists of points with rational coordinates, which have common denominator p, and that there is a real number B such that
for any nonzero vector (a 1 , . . . , a m ) ∈ Z m with −p/2 < a j ≤ p/2, j = 1, . . . , m. Then, the discrepancy ∆(Γ) of the sequence (5) satisfies
where the implied constant depends only on m.
165
We now study exponential sums involving the sequence {u n } defined 
Our second tool is the Bombieri-Weil bound for exponential sums involving rational functions, which we present in the improved form given in [18] .
Lemma 6. Let F/G be a non-constant univariate rational function over F p and let v be the number of distinct roots of the polynomial G in the algebraic closure of F p . Then
where Σ * indicates that the poles of F/G are excluded from the summation,
Now, we are ready to estimate the exponential sum defined in (6).
174
Theorem 7. Let {u n } be the sequence defined by (1) with Crk(f ) = k. Suppose that {u n } is purely periodic with period T and that f has a representation P k such that α k in (2) is not zero. Then, for any a = (a 1 , . . . , a m ) ∈ Z m , with gcd(a 1 , . . . , a m , p) = 1, and any integers ν ≥ 1 and 1 ≤ N ≤ T , we have
The implied constant depends on m and ν.
175
Proof. Since Crk(f ) = k, Lemma 2 implies that there exists a rational function R k defined by (2), satisfying f (u) = R k (u) for u ∈ K, where K is a subset of F p of cardinality at least p−k. Since α k = 0, the rational function R k is not a linear polynomial. Then there exist
Moreover, at the l-th iteration we have,
where 1,l , 2,l are linear polynomials with u ∈ K l and K l a subset of F p of 177 cardinality at least p − lk.
178
We may also define a sequence of rational functions R (l) , as follows
for l = 1, . . .. Hence the equation (7) can be rewritten as,
From this point, the proof is similar to the one in [23, Theorem 1] so we omit 180 some details. For a sufficiently large integer T ≥ L ≥ 1, we have
where
By the Hölder inequality we obtain,
If {l 1 , . . . , l ν } = {l ν+1 , . . . , l 2ν } as multisets, then f l 1 ,...,l 2ν is constant and 182 the inner sum is trivially equal to p.
183
Since (8) holds for all but O(kL) elements x ∈ F p , we get
where Σ * indicates that the poles are excluded from the summation,
with l 1 , . . . , l 2ν ranging over all {l 1 , . . . , l ν } = {l ν+1 , . . . , l 2ν }. We note that, by [22, Lemma 2] , R (t) has different poles for 1 ≤ t ≤ T , and thus R l 1 ,...,l 2ν
is a nonconstant rational function. Indeed, if R l 1 ,...,l 2ν (X) = c ∈ F q , then eliminating the linear denominators in (10) and applying the obtained poly-
188
nomial equation in one of the poles of any of R l i for some i = 1, . . . , 2ν, we 189 immediately get a contradiction with the fact that R (t) has different poles for
Now, applying Lemma 6, we get
Finally, selecting
, we obtain,
Assuming that
as otherwise the estimate is trivial, we get the desired result.
192
Now we can apply Lemma 5 to obtain the following bound for the dis- 
when f has a representation P k such that α k in (2) is not zero. The implied 200 constant depends only on m and ν.
201
The bound (11) is nontrivial in a rather wide range (provided that k < 202 p(log p)
for a fixed > 0.
204
We remark that for k ≤ p 1/2−ε , taking a sufficiently large ν in (12) 
213
When f = aX p−2 + b with Crk(f ) = 1, the sequence generated by (1) is 214 the so-called inversive pseudorandom sequence. In this case, the discrepancy 215 bound for Γ defined by (4) has been obtained in [13] :
for p ≥ T ≥ N .
217
Our result generalizes (13) and improves the previously known estimate 218 for the discrepancy of (4) generated by an arbitrary nonlinear polynomial f ,
219
which is
where the implied constant depends on m, and the degree of the polynomial 
224
Remark 2. Methods of construction of permutations P k of F p for any k ≥ 1, consisting of one full cycle of length p are given in [7] . When k = 2l, it is shown in [6] that any permutation which has a representation of the form
is a full cycle. For permutations with Carlitz rank 1, 2 and 3, conditions 225 for them to have full cycles are also known, see [7] . Therefore, one can 226 construct sequences {u n } as in (1), with largest possible period p, generated 
Linear Complexity Profile
237
The linear complexity profile is a widely used measure for predictability of a sequence of elements of F p . We recall that the linear complexity profile of a sequence {u n }, n = 0, . . . , N − 1, is the order L of the shortest linear recurrence which generates the first N elements of the sequence, i. e. 
240
Theorem 9. Let f be a permutation with Crk(f ) = k, which has a representation P k such that α k in (2) is not zero. Suppose the sequence {u n } is defined by (1) and has period T . Then the linear complexity profile L(u n , N ) satisfies Recall that f (u) = R k (u) for u ∈ K, where R k is defined by (2) and K is 242 a subset of F p of cardinality at least p − k. Also, K l is the set of elements
where i,l , i = 1, 2, are linear polynomials, and the cardinality of K l is at least u, f (u), . . . , f (l) (u) ∈ K, then u ∈ K l , and f is a permutation.
247
As the rational function R k in (2) is not linear since α k = 0, we note that 248 2,l is a nonconstant linear polynomial for every ≥ 1.
249
Putting c L = −1, we define the following rational function
+ . . . + c 1 1,1 (X) 2,1 (X) + c 0 X, and getting rid of the denominators, which are all distinct, we arrive at a nonconstant polynomial F of degree at most L + 1 defined by 
